We derive an equivalence between the (2,0) superconformal M5-brane field theory dimensionally reduced on a squashed three-sphere, and Chern-Simons theory with complex gauge group. In the reduction, the massless fermions obtain an action which is second order in derivatives and are reinterpreted as ghosts for gauge fixing the emergent non-compact gauge symmetry. A squashing parameter in the geometry controls the imaginary part of the complex Chern-Simons level.
Introduction
In this paper we show how to put the M5-brane theory on a squashed three-sphere while preserving four supercharges. The low energy limit of the resulting compactified theory in three dimensions is (equivalent to) complex Chern-Simons theory. The M5-brane field theory is labelled by an ADE Lie algebra g, and the appearance of g type gauge fields is expected in compactification of the M5-brane theory. In our construction, "twisted" scalars make up the remainder of g C . Fascinatingly, the gauginos end up with a second order action, and are reinterpreted as Faddeev-Popov ghosts of gauge fixing an emergent noncompact part of the gauge symmetry.
In the study of Chern-Simons theory it is often useful to add the Yang-Mills term as a regulator. This does not affect the IR limit, but renders the Euclidean path integral bounded, rather then merely oscillatory. However, in complex Chern-Simons [1] [2] [3] this cannot be done, since the Yang-Mills term for a complex gauge group has indefinite sign making the action unbounded from below. In our setup, the system is well-defined before taking the r → 0 compactification limit. The relation to complex Chern-Simons requires changing the contour of integration of one of the fields. Turned around, this gives the nonperturbative definition of the complex Chern-Simons path integral in our context.
With this understanding of a non-perturbative completion, our final three-dimensional action may be written simply in terms of a g C connection A = A + iX, and takes the form S = q 8π Tr A ∧ dA + 2 3 A ∧ A ∧ A +q 8π Tr Ā ∧ dĀ + 2 3Ā ∧Ā ∧Ā (1.1)
where q = k + iu andq = k − iu for k and u not necessarily real. There are complex gauge transformations, A → A + d A g, for g ∈ g C which in terms of A and X look like an ordinary g gauge transformation of A under which X is an adjoint, and an additional noncompact gauge redundancy acting as A → A − [X, h] and X → X + d A h.
Invariance under large gauge transformations requires that k be an integer. However, u is not subject to any quantization condition. There are two branches of values of u that respect unitarity: either u is real or pure imaginary depending on whether X is taken to be even or odd under parity [1] . In our compactification we find that the levels take the values k = 1,
where in the above ℓ ∈ R + is a squashing parameter in the geometry. Thus, depending on whether ℓ is smaller or larger than unity, one lands on one or the other unitary branch.
The existence of the (2, 0) superconformal field theory [4] [5] [6] in six dimensions provides powerful unifying principles for lower dimensional supersymmetric quantum field theories, and our result has implications in that context [7, 8] . A rich class of 3d N = 2 superconformal field theories arise from compactifying the 6d (2, 0) theory on three-manifolds [9] [10] [11] [12] . One quarter of the supersymmetry is preserved by adjusting background R gauge fields on the three-manifold, M 3 , such that there exist twisted covariantly constant spinors. After Kaluza-Klein reduction, the resulting theory in R 2,1 typically flows to an interacting superconformal field theory, T g (M 3 ) in the IR. This IR SCFT does not depend on the metric of the three-manifold. For some theories in this class, there are proposals for 3d Lagrangian descriptions as abelian Chern-Simons-matter theories.
In general, when coupling a quantum field theory to a curved background metric, one has the option of adding additional terms to the action that disappear in the flat space limit. By dimensional counting these must be background values for the coefficients of relevant operators. For example, one may have curvature couplings to mass terms of the form Rφ 2 . If we want the coupling to preserve supersymmetry then the best way to organize additional terms in the curved background is to imagine weakly coupling the field theory to off-shell supergravity [13] . Then one looks for configurations of the supergravity fields, without imposing on them any equation of motion or on-shell condition, that are invariant under some rigid supersymmetry. The role of the supergravity fields is to keep track of the additional terms in the coupled quantum field theory that are needed to preserve supersymmetry in a given fixed background geometry.
The procedure of twisting on M 3 to construct the theory T g (M 3 ) is an example of preserving supersymmetry in curved backgrounds where the only supergravity fields with non-trivial profiles are the metric and R gauge field. There are obviously no covariantly constant spinors on a general three-manifold, however one may tune the so(3) ⊂ so(5) R part of the R gauge field so that the spin and R connections exactly cancel for 1/4 of the spinors, leading to a 3d N = 2 theory. In this case, there is a simple M-theory interpretation -one has precisely the theory of M5 branes wrapping M 3 × R 2,1 in the eleven-dimensional supersymmetric geometry T * M 3 × R 4,1 .
There exist many other examples of supersymmetric curved backgrounds [14] [15] [16] [17] [18] [19] . In particular, the partition function of 3d SCFTs on squashed spheres has proven to be a very useful characteristic quantity. It can be computed exactly for theories with a Lagrangian description using supersymmetric localization. The logarithm of the round sphere partition function is an monotonic measure of the number of degrees of freedom [17, [20] [21] [22] [23] [24] . The dependence of the partition function on a supersymmetric squashing parameter encodes further information such as the two point function of the R current [25] .
We will be interested in the partition function on the squashed three-sphere, S 3 ℓ , described in [26] , which preserves an SU(2) × U(1) isometry, where ℓ/2 is the ratio of the radius of the S 2 base and the S 1 Hopf fiber. The round sphere is given by ℓ = 1. Another geometry also sometimes know as the squashed sphere is the ellipsoid, S 3 b , which preserves U(1) × U(1) isometry [27] . The N = 2 partition functions on these geometries are equal with the identification ℓ = 2 b+b −1 . Note that this only covers the range 0 < ℓ ≤ 1 for which the Hopf fiber is larger than in the round sphere.
The S 3 ℓ partition function of the field theory T g (M 3 ) is a quantity which does not depend on the metric on M 3 and hence must be a topological invariant of the three-manifold. It was conjectured by [9, 10, [28] [29] [30] [31] [32] [33] [34] [35] to be related to the partition function of pure Chern-Simons theory with a noncompact gauge group on M 3 . In many ways, this is surprising, since naively a supersymmetric reduction of the 6d (2,0) theory would result in a supersymmetric theory with a compact gauge group, not a non-supersymmetric theory with a noncompact gauge group. This relationship is similar in spirit to the AGT conjecture [36, 37] which equates instanton partition functions of supersymmetric four-dimensional field theories with non-supersymmetric Toda conformal blocks.
In principle there is nothing mysterious about deriving such a hypothetical 3d-3d correspondence. Consider the (2, 0) theory on S 3 ℓ × M 3 , partly topologically twisted on M 3 and with the appropriate background fields to preserve supersymmetry on S 3 ℓ . The supersymmetric partition function is independent of the relative size of the sphere and three-manifold due to the twisting -all dependence on the three-manifold metric is Q-exact. It also does not depend on the overall scale due to conformal invariance of the (2, 0) theory. 1 If there had been a Lagrangian for the 6d theory, one would simply reduce on a small M 3 to obtain a 3d N = 2 Lagrangian theory which flows to the SCFT T g (M 3 ) in the IR, and whose S 3 ℓ partition function could be computed directly. On the other hand, one could also consider the reduction in the opposite limit of a small sphere. In that limit, one would again Kaluza-Klein reduce to obtain another 3d Lagrangian theory, parameterized by ℓ, whose partition function on M 3 should give the same result. The obstruction to carrying such a procedure is that no Lagrangian for the 6d (2, 0) theory currently exists. This fact is one of the reasons why it is interesting to study the theories T g (M 3 ), since these compactifications provide one of the few windows into a broader class of 3d N = 2 theories.
In this paper we bypass these difficulties by noting that the squashed sphere geometry is simple, and always possesses a circle isometry. Therefore the reduction on S 3 ℓ can proceed in two stages. First, we reduce along the circle, leading to 5d maximally supersymmetric Yang-Mills [38] with gauge group g in the background geometry S 2 × M 3 , and coupled to various background fields required by supersymmetry. Then, we reduce on the S 2 the resulting Lagrangian field theory. Related construction have appeared in [34, [39] [40] [41] .
In general, the dimensional reduction of the (2, 0) theory on a circle only looks like 5d Yang-Mills at low energies. There will be an additional series of higher order irrelevant operators that become important as the coupling of the 5d non-renormalizable theory grows at high energies [42] [43] [44] [45] [46] . The 5d Yang-Mills coupling is given by the size of the Hopf circle, and we are interested in the dimensional reduction limit where the Hopf fiber, and indeed the entire S 3 ℓ geometry has vanishing size. Therefore our interest is with the weakly coupled limit of 5d Yang-Mills where all higher derivative corrections arising from the reduction of the 6d (2, 0) theory are parametrically suppressed.
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The intermediate step of 5d Yang-Mills is particularly important in the non-abelian theory. As there is no 6d Lagrangian, one must instead proceed on general grounds to find the coupling of Yang-Mills to off-shell supergravity. Such a procedure is possible because of the maximal supersymmetry in 5d which implies that the coupling to supergravity is unique; there is no choice in the multiplet in which the stress tensor sits. Moreover, in the squashed sphere background, a background term adds a cubic potential for the scalars in the Yang-Mills multiplet, whose six dimensional origin is obscure.
Having arrived in 5d Yang-Mills, an ordinary Lagrangian field theory, it would now seem that further dimensional reduction on S 2 must produce a supersymmetric g gauge theory, 1 The Euler character and other relevant invariants vanish in this case, so the 6d conformal anomalies do not contribute.
2 The 5d theory does look strongly coupled at the scale of the S 2 , however only the zero mode sectors will contribute to the 3d effective action, so higher order operators are not expected to affect the answer. Moreover, in a supersymmetric partition function such as the one we wish to compute, it is a reasonable conjecture that all higher order operators are Q-exact and do not change the exact partition function.
something completely different than bosonic g C Chern-Simons. Amazingly, it will turn out that the two seeming problems, lack of supersymmetry and complexification of the gauge group, cancel each other. The fermionic superpartners of the gauge field will turn into Faddeev-Popov ghosts of partial gauge fixing of g C to g. In this way, one obtains g C ChernSimons theory at levels k, and u stated in (1.2). We conclude that the squashed three-sphere partition function of the N = 2 3d SCFT given by compactification of the g (2, 0) theory on a 3-manifold, M 3 , is exactly equal to the partition function of g C Chern-Simons on M 3
Let us now describe in more detail the structure of the arguments to follow.
The six dimensional background of interest is S
It is a non-trivial fact that such a configuration preserving four supercharges exists in six dimensions. The case of the round sphere may be understood in a simple way. The geometry H 3 × S 3 with equal radii is conformally flat. Therefore, one may conformally map the (2, 0) theory to this space, preserving full superconformal invariance. It is then possible to twist H 3 to a general three-manifold metric, preserving four supercharges. The squashed sphere case is more involved, and also involves the anti-self-dual 3-form of in the 6d supergravity multiplet.
In order to have an action, we reduce along the circle fiber of the squashed sphere to maximal 5d super-Yang-Mills coupled to 5d supergravity background fields. The conditions for preserving supersymmetry in a configuration of background maximal 5d supergravity were found in [47] . Since we are interested in a 5d calculation, in section 2 we describe the squashed S 3 ℓ geometry from the point of view of 5d supergravity. We find that all background fields must be used in the S 2 × M 3 reduction at general squashing. The squashing parameter controls the ratio of the dilaton and the S 2 radius, as well as other background fields, as required by supersymmetry. There is a single unit of graviphoton flux wrapping the S 2 which results from the fact that the Hopf fibration is non-trivial.
Next, in section 3.1, we dimensionally reduce 5d Yang-Mills in the given supergravity background. As our construction is compatible with topological twisting on a general M 3 it is sufficient to consider the five-dimensional geometry S 2 × R 3 . The resulting 3d theory can then be placed on any three-manifold manifold M 3 if desired. We find that various background fields are activated in R 3 , and one must include their contributions in finding the effective action.
We obtain the following light fields in 3d.
• The constant mode of the 3d components of the gauge field A.
The 5d graviphoton-Chern-Simons coupling produces a 3d Chern-Simons term at level one for this field.
The remaining Yang-Mills terms vanish in the r → 0 compactification limit. This is responsible for the g sector of our result with the indicated value of the level k = 1.
• The the zero modes of the five scalars ϕD, withD = 1, ..., 5 an so(5) R symmetry index. Under the preserved so(3) symmetry, identified as the Lorentz symmetry of the resulting 3d theory, the five scalars are naturally split into a triplet X a , and a pair of singlets Y i . Thus it is natural to interpret X a as a 1-form. But note that it is not (yet) associated to any gauge symmetry.
In addition to the usual interaction terms that occur in flat space, the action for the fields X a contains interesting terms which arise from the coupling to supergravity.
-The R gauge field V is activated inside an so(3) ⊂ so(5) R . The 5d kinetic term for the fields ϕD then produces a term which is first order in derivatives for the
-There is a 2-from TB in the 5 of so(5) R . This field is activated inside so(3) ⊂ so(5) R . It results in the following term
-There is an R-scalar SÂB in the adjoint of so (5) R . This field is activated inside so(2) ⊂ so(5) R . It generates a cubic potential for the scalars
The interactions, (1.5)-(1.7), produced automatically by the coupling to supergravity, are responsible for the additional terms in the complex Chern-Simons action (1.1) together with the indicated value of the parameter u = √ 1 − ℓ 2 .
• Four fermions λ associated to the four preserved supersymmetries of the compactification.
In section 3.2 we complete the analysis of the resulting theory of these zero modes.
The massless fermionic action has an interesting peculiarity -it appears to vanish identically. This is because the fermionic kinetic terms are not diagonalized in the basis of modes which diagonalizes the mass matrix. Thus one needs to initially keep all of the fermionic modes that can mix with massless ones, and then integrate them out. This will result in a fermionic effective action that is second order in derivatives.
The full action for the Y and λ fields takes the qualitative form
This action takes a form very similar to that which appears in Faddeev-Popov gauge fixing, with the fermions playing the role of the ghosts for a gauge fixing term ∇
However, there appear to be twice as many fermions as required, and there are additional scalars, Y , as well as non-linear interaction terms.
To understand the action (1.8), we observe that the preserved supersymmetries are given schematically as
where in the above β is a Grassmann parameter. Interestingly, the action of these supersymmetries has become almost trivial (up to a gauge transformation) in the small r limit, acting only on the fermions and Y . It follows that supersymmetric observables which are functions only of the fields X and A coincide with the gauge invariant observables. Provided that we restrict ourselves to this class of expectation values, we are free to deform the action by a Q-exact term of the form
This allows us to remove all non-linear terms in the action for Y and λ.
The resulting quadratic action for Y has a 1-loop determinant that is identical to that of the fermions. Therefore the exact path integral over the λ and Y fields produces exactly the Faddeev-Popov determinant for the gauge fixing term! The r → 0 limit corresponds to a singular choice of gauge, and can now be taken by simply undoing the gauge fixing.
Finally, we summarize in section 4. Details of the 5d action and the relation between 6d and 5d background fields may be found in appendix A. The relevant spinor algebra in collected in appendix B.
The M5-Brane on a Squashed Three-Sphere
In this section, we construct a Euclidean continuation of the six-dimensional (2, 0) theory on a three-dimensional spherical background. The total space of the geometry is
where, topologically S 3 ℓ is a three-dimensional sphere. We view S 3 ℓ as a Hopf fibration.
The round metric preserving an su(2) × su (2) isometry is achieved when the ratio of the radius of the base S 2 to the radius of the fiber S 1 is 1/2. More generally, we consider a squashed three-sphere which preserves the round form of the metrics on the base and the fiber, but takes their ratio of radii to be ℓ/2, where ℓ ∈ R + is a parameter of the construction. For a generic value of ℓ the squashed three-sphere has an su(2) × u(1) isometry algebra, realized as rotations of the base and fiber respectively.
Preserving supersymmetry on a squashed three sphere will require us to activate various background supergravity fields, and in this section we describe the precise form of these fields. Throughout we make use of the U(1) isometry group which rotates the Hopf fiber to reduce the calculation to one in five-dimensional supergravity.
The fields of the off-shell 5d sueprgravity multiplet are enumerated in Table 1 , including their R symmetry representations and scaling dimension w. The possible backgrounds consist of arbitrary configurations of the bosonic fields and vanishing profiles of the fermionic fields. The background is supersymmetric provided that the variation of the fermions vanishes
2)
The precise form of these variations are given in appendix A.
In our problem the choice of background fields is dictated by symmetry. In particular, we wish to study a configuration which is compatible with replacing R 3 with a general threemanifold M 3 while preserving supersymmetry. It follows that our choice of background supergravity fields must be compatible with topological twisting. We find that for a suitable choice of background fields, four total supercharges can be preserved, while respecting all the symmetries required by N = 2 twisting on a general M 3 .
3 A summary of the backgrounds is given in section 2.1, more detailed calculations may be found in section 2.2.
Field Type
Name and Properties 
Supergravity Configuration
We begin with a symmetry analysis. In five dimensions the Lorentz and R symmetry algebra is so(5) L × so(5) R . To describe our background we first split this group as
The group so(2) L is realized geometrically as a group of rotations of the sphere S 2 , while the group so(2) R is a global R symmetry of the theory. Finally, the group so(3) L × so(3) R is broken to its diagonal subgroup. Note that this is the minimal symmetry group compatible with further topologically twisting the theory on a general three manifold other than R 3 .
To write the fields explicitly we use the following index conventions
• so(5) L vector indices are indicated by capital Roman letters A, B, · · · .
• so(3) L vector indices are indicated by lowercase Roman letters from the first few letters of the alphabet a, b · · · .
• so(2) L vector indices are indicated by lowercase Roman letters from the last few letters of the alphabet w, x · · · .
• so(3) L spinor indices are indicated by lowercase Greek letters from the first half of the alphabet α, β · · · .
• so(2) L spinor indices are indicated by lowercase Greek letters from the second half of the alphabet σ, τ · · · .
• An R-symmetry index is distinguished from a Lorentz index by adding a hat. For example,α indicates an so(3) R spinor index.
• so(5) R spinor indices are indicated by lowercase Roman letters from the middle of the alphabet m, n, · · · .
After these preliminaries we now enumerate the background fields. The metric of the squashed three-sphere is encoded in the five-dimensional metric, graviphoton and dilaton. These are given by
(2.4) The case ℓ = 1 describes the round three-sphere. For notational convenience, we find it useful to define the following quantity
which appears in various calculations below.
The profiles of the remaining fields in the supergravity multiplet are greatly constrained by symmetry. They take the form
(2.6) In the above t, v, s, d are constants. They must be determined by requiring that the variations of supergravity fermions δψ and δχ vanish. Note that the R gauge field V vanishes in the two-sphere directions. In principle a more general ansatz consistent with the symmetries would allow a non-vanishing V on the S 2 whose two-from field strength was proportional to the volume form in the round metric. Flux quantization, would then yield quantization of the field strength. We find that it is consistent with supersymmetry to set this quantized flux parameter to zero. We may then reach a gauge where the background fields take the form described by (2.6) The fields stated above are given in terms of their so(5) R representation content. As the supersymmetry parameters ǫ m are in the spinor representation of this group, it is useful to convert to sp(4) R representations as follows
Under the reduction of so(5) R to so(3) R × so(2) R , the sp(4) invariant tensors decompose into products of invariant tensors given in appendix B.2 as
Finally we also require that the spinor parameter ǫ generating supersymmetry transformations transforms as a singlet under the unbroken so(3) symmetry group and is constant in R
These properties ensure that our construction is compatible with topological twisting, and allow us to immediately generalize the construction from R 3 to a general three manifold.
A direct calculation outlined in section 2.2 using this ansatz determines the values of the parameters required for supersymmetry. We find
(2.10)
For these values, four total supercharges are preserved.
Analysis of Supersymmetry Constraints
To demonstrate that our ansatz describes a supersymmetric background, we must show that there exist non-zero spinors ǫ m with the property that
where the above variations are defined by (A.4). We solve these equations by separating the spinors ǫ m into a tensor product of spinors on R 3 and spinors on S 2 as indicated in (2.9) and described in detail in appendix B.1 .
δψ
The non-vanishing contributions are
We simplify the above using our ansatz for the background fields. We find linear differential equations of the form
where in the above, κ 3 , κ 4 and κ are the two-dimensional Clifford algebra and chirality matrix defined in equation (B.2), and we have used the fact that the non-vanishing components of the spin connection on the two-sphere take the form ω To solve these equations we note that by iteration we obtain
Hence, if the values of s and t satisfy 15) we see that (2.14) simplifies to
For this choice of parameters the first order equations (2.13) may be solved to yield four linearly independent solutions. These take the form
17) where in the above our convention is that the σ index labels rows and theσ index labels columns. The overall normalization of the solutions is arbitrary and chosen for later convenience. A general solution thus takes the form
with β iî Grassmann coefficients.
Simplifying using our ansatz for the background fields, the above reduces to
Given the solutions to equation (2.17), non-trivial solutions to the above can only be obtained if
For this value of background field, the four supercharges found on the two sphere are consistent with δψ A = 0 for all values of the index A.
δχ mn r
We turn to the variation of χ mn r . For simplicity, we present the calculation in the special case of the round three-sphere when ℓ = 1. The analysis at general values of the squashing parameter is similar but technically more involved.
In the special case of the round three-sphere, the background values of s and t vanish. According to formula (A.4), this implies that the variation of χ We now evaluate the above using the following results derived from our analysis of δψ. We write all terms in the reduced so(3) R × so(2) R index form with the labeling conventions
We similarly split the so(5) L Lorentz spinor indices in to so(3) L ×so(2) L pairs. For example,
The non-vanishing elements of the curvature tensor are calculated from (A.5) and (2.6) and our explicit value of v in (2.10). They take the form
From the above we deduce that the contraction R Armed with these results one may readily evaluate the portion of δχ mn r which depends on R.
Finally, we evaluate the term proportional to the field D mn rs in the variation of χ mn r appearing in (2.22) . We make use of the ansatz (2.6)-(2.7), and find
Comparing (2.26) and (2.27), and applying the spinor constraint (2.9), we find that δχ mn r vanishes provided that
This is the specialization of the general result stated in (2.10) to the case of the round three-sphere.
Zero Modes and the Three-Dimensional Action
Our next task is to reduce the five-dimensional action to three dimensions. The fields in the Yang-Mills multiplet consist of a gauge field A, five scalars ϕÂ and a symplectic Majorana fermion ρ m . The action for these fields in the presence of supergravity background fields was derived in [47] . It takes the form of a sum of four terms
where each action is defined explicitly in (A.6).
We proceed by expressing all five-dimensional fields as representations of the symmetry group so(3) L × so(3) R × so(2) L × so(2) R . Then, we identify zero-modes and carry out Kaluza-Klein reduction. In section 3.1 we carry out the procedure for the for each of the various different fields in the five-dimensional Lagrangian. In section 3.2 we describe the subtle r → 0 limit of the zero mode action and prove that the resulting low energy theory is indeed Chern-Simons theory with a complexified gauge group.
Zero Modes

Gauge Field
The kinetic term for the five-dimensional gauge field takes the form of a standard Yang-Mills action with a Ramond-Ramond Chern-Simons coupling.
where in the above CS(A) is the Chern-Simons functional.
To carry out dimensional reduction, we note that the two-sphere admits no topologically non-trivial one-cycles. Thus, in the reduction to three dimensions the only massless mode of A which survives is the zero mode which is independent of position on the two-sphere. We denote this three-dimensional field by A b , where the index b is now restricted to take the values 0, 1, 2. Its kinetic action is trivially obtained by integrating (3.2) over the twosphere. The integral of G over S 2 measures the Chern class of the Hopf fibration of S 3 and yields a Chern-Simons interaction.
The most important feature of the above action is the very different scaling between the two terms. The Yang-Mills interaction is suppressed by r, and hence in the dimensional reduction limit r → 0 we can anticipate that the Chern-Simons term will dominate.
Scalars
Next we consider the kinetic action for scalar fields. In five dimensions this takes the form
As our background fields have simple properties in terms of the group so(3) R × so(2) R it is useful to convert the field ϕ mn from symplectic sp(4) R notation to so(5) R notation. We write
The field ϕÂ is a vector in the 5 of so(5) R . As our background partially breaks the R symmetry, the effective action will distinguish between the various components of ϕÂ. Thus we write Xâ = ϕâ,
The fields Y 1 , Y 2 transform as a doublet under the unbroken so(2) R symmetry. The fields Xâ transform in the 3 of the unbroken diagonal subgroup of so(3) R × so(3) L . After reduction, this subgroup is identified with the Lorentz group in R 3 , and thus it is natural to think of Xâ as comprising the components of a one-form. We will see this explicitly in the action below.
We now seek to reduce to the action to one for the massless fields in R 3 . In the action (3.4), there are two sources of mass terms from the supergravity background fields.
• Explicit supergravity induces masses in the pairing M ϕ • Induced masses from the non-vanishing profile of the R gauge field. Such terms occur in the in the square of the covariant derivative term in (3.4). They take the form
Upon summing these two contributions using our background field expressions appearing in (2.6), (2.7), and (2.10), we find that the mass terms vanish identically for both the fields Xâ and Y z .
From the vanishing of the mass terms it follows that the structure of zero modes is very simple: the modes Xâ and Y z which are constant on the sphere are massless. All other scalar modes, associated to non-trivial profiles on S 2 have masses on the order of 1/r and hence decouple from the low-energy three-dimensional action in the limit r → 0.
We may now calculate the effective action for the zero modes by simply integrating (3.4) over the two-sphere. In terms of the fields X and Y the answer takes the form
In the above ∇ a indicates the ordinary gauge covariant derivative for adjoint valued fields
and we have removed the hat from the index of the field X to emphasize the fact that in the unbroken diagonal subgroup so(3) R × so(3) L the field X transforms as a one-form.
In (3.7) we again see terms with different scaling behaviors in the r → 0 limit. If one were to proceed naively, and simply set r to zero in (3.7) one would conclude that the second order kinetic terms for X and the entire action for Y vanish. We address this issue by carefully treating the r → 0 limit in section 3.2.
Fermions
Finally, we consider the most involved case of the fermion zero modes. The five-dimensional action is
To begin, we make manifest the representation content of the field ρ under so(3) R ×so(2) R × so(3) L × so(2) L . Thus we express the field ρ as
The decomposition above is completely general and involves no restriction on ρ m . The variables λ and ξ a are independent five-dimensional Grassmann fields. As their index structure indicates, from the point of view of the unbroken diagonal subgroup of so(3) R × so(3) L , the field λ transforms as a scalar, while the field ξ a transforms as a one-form.
We now seek to reduce the action to one for the massless fermions in R 3 . In the action (3.9) there are three sources of mass terms that we must take into account.
• Explicit supergravity induced mass terms in the pairing M ρ
• Induced masses from the non-vanishing profile of the R gauge field. Such terms arise from the covariant derivative and take the form
• Curvature induced masses from the non-trivial spin connection on the two-sphere.
To properly take account of the curvature induced mass terms we decompose the fermions according to their profile in the sphere. Let / D S 2 dentate the Dirac operator on the two-sphere, and let κ indicate the two-dimensional chirality matrix. A convenient basis of modes are spinors Θ σ j which are eigenfunctions of the operator κ / D S 2 ,
where in the above, ν is the eigenvalue of the spinor Θ. The chirality matrix κ anticommutes with the Dirac operator and squares to the identity hence
It follows that the spectrum of κ / D S 2 is related to that of the Dirac operator by multiplication by i. Thus the eigenvalues ν take the form
The modes Θ σ satisfy an orthonormality condition. We have
14)
We may now sum the contributions to the three-dimensional fermion masses. We find that there are massless three-dimensional fields contained in the sector with eigenvalues ν = ±2/rℓ. Modes with |ν| larger than this minimal value are massive with masses of order 1/r and decouple from the low-energy effective action.
Our next task is to isolate the effective action for the massless fields. Each relevant eigenvalue ν = ±2/rℓ is degenerate with multiplicity two. We define spinors a The index i = ± labels distinct solutions to the above equations. We may choose this index to label the behavior of solutions under a rotation of the angle φ
Explicit mode functions are
.
The non-vanishing pairings between these modes are given by
With these preliminaries we may now carry out the truncation of the five-dimensional action to a theory of a finite number of light three-dimensional fields. We take an ansatz of the form
In the above, the quantities λ iî , λ iî , ξ iî a , and ξ iî a are the independent three dimensional fermionic fields, and the coefficients in the expansions appearing in (3.19) are chosen to diagonalize the mass matrix. Each of the indices i,î appearing on these fields takes on two possible values. Thus, from the point of view of the unbroken diagonal subgroup of so(3) R × so(3) L , we have identified eight Grassmann valued scalars: the λ and λ fields, as well as eight Grassmann valued one-forms, the ξ and ξ fields.
Upon substitution of (3.19) into the action (3.9) we find that the λ modes are massless, while the other fields λ, ξ, and ξ are massive with masses of order 1/r. Naively, one might expect that we may neglect these heavy fermions. However, dropping such fields is not justified due to the fact that the heavy fields pair directly with the massless λ field at the level of the kinetic term. Indeed, we find that the action takes the form
The action (3.20) has a number of features which merit comment.
• The fields λ, ξ, and ξ are indeed massive with masses of order 1/r. The field λ is massless.
• The kinetic term of the massless field λ arises from a pairing with massive ξ and ξ fields. Thus, one cannot simply discard the massive modes and set them to zero. Similarly, we will see that the field λ mixes with the massless mode λ via the Yukawa coupling with the massless field Y , and hence λ cannot simply be discarded.
• In arriving at (3.20) we have dropped the kinetic terms for the massive fields. It is legitimate to discard these terms because in the r → 0 limit the kinetic terms are dominated by the mass terms.
We address the r → 0 limit of the action in detail in section 3.2.
Non-Abelian Interaction Terms
The final piece of the action contains non-abelian interaction terms. In five dimensions it takes the form
Given our identification of zero modes in the previous sections it is straightforward to reduce the above terms to three dimensions by integrating over the sphere. The scalar potential terms reduce to
We similarly reduce the Yukawa couplings. Retaining only those terms which couple directly to the massless fermion λ we find
(3.23)
The 3d Effective Action: Complex Chern-Simons Theory
Let us take stock of our results thus far. The three-dimensional effective action enjoys a symmetry under so(3) × so(2) R . The so (3) is interpreted as the three-dimensional rotation symmetry although its five-dimensional origin is the as the diagonal subgroup of so(3) R × so(3) L . The so(2) R symmetry is inherited from the R symmetry of the 5d Yang-Mills theory. With respect to these symmetries the field content of the model consists of the following.
• Bosons.
There is a gauge field A for a g gauge symmetry. There are three scalars X transforming as a one-form under so(3) and as singlets under so(2) R . There are two scalars Y transforming as singlets under so(3) and as a doublet under so(2) R .
• Fermions.
There are four massless fermion fields λ iî transforming as scalars under so(3) and as a pair of doublets under so(2) R .
The effective action of these fields is stated in equations (3.3), (3.7), (3.20) , (3.22) , and (3.23). We now complete our analysis of the r → 0 limit.
The Fermion Action
As our first step we consider the portion of the action which involves the fermions λ. This takes the form
The fields ξ, ξ and λ are massive with masses that tend to infinity as r → 0. However, one may not simply set such fields to zero due to their quadratic coupling to the massless field λ. Instead, we must integrate out the heavy fermions exactly. This can readily be done in the r → 0 limit because in that limit the presence of the parametrically large mass terms means that quantum fluctuations are suppressed and we may simply solve the equations of motion for these fields. Such equations of motion take the form
Upon substituting into the action (3.24) and simplifying one obtains the following effective action for the massless fields λ
Note that the ℓ dependence of the fermion action has become trivial. It can be absorbed by a dimensionless rescaling of the field λ.
Although (3.26) has been obtained in a straightforward way, it contains a striking feature: it is second order in derivatives for the Grassmann valued scalars λ. One context where such actions naturally arise is as the Faddeev-Popov action for ghosts which gauge fix a gauge redundancy. As we will argue in section 3.2.3, this is indeed the correct interpretation of the fields λ.
Supersymmetry Transformations and a Q Exact Deformation
To proceed further in our analysis it is necessary to study the supersymmetry transformations of our model. Such transformations are inherited from the five-dimensional variations applied to the zero modes. They take the simple form
where in the above β iî is a Grassmann coefficient of the transformation.
Let us focus our attention on the variation of the gauge field A b and the scalars X b . Acting on these fields, the supersymmetry transformations behave as gauge transformations with gauge parameter
In particular, this means that supersymmetric observables constructed from only X and A are simply the gauge invariant functions of these fields. From now on, we restrict ourselves to the study of such gauge invariant, i.e. supersymmetric observables which do not depend in any way on the variables λ and Y . Our aim is therefore to integrate out these fields.
At first sight this task may seem hopeless. The bosonic action involves non-linear functions of the scalars, for example quartic interactions Tr (
, as well as nonlinear couplings between the fermions λ and the scalars Y . However, supersymmetry allows us to overcome this difficulty. Again the key observation is that the supersymmetry variation acts non-trivially only on the λ and Y fields. As a result the offending non-linear terms are an exact supersymmetry variation. Specifically
where Ξ iî is given by
This result has the following useful implication. If we are interested in supersymmetric, i.e. gauge invariant observables of X and A alone then the presence of the nonlinear terms (3.29) does not effect their resulting expectation values. Hence, we may freely delete these terms from the action. The action for the bosons Y and the fermions λ is then quadratic, and therefore the exact functional integral over these fields can be performed. We carry out this integration in section 3.2.3
Ghosts and Gauge Fixing
We are now ready to complete our derivation and take the r → 0 limit. As we have previously emphasized, we are interested only in the gauge invariant observables which are functions of A and X alone. Thus we consider the action for the fields Y and λ. Up to an overall dimensionless coefficient it is given by
(3.31) The action S ghost vanishes in the r → 0 limit, however as it is quadratic in the field variables, the exact path integral can be done and the r → 0 effects understood.
We note that there are four fermions λ iî and a pair of real scalars Y z , and that the action for the λ's is identical to the action for the scalars. It follows that the functional integral over the Y variables cancels the integral over two of the λ fields. The net result is then a simple functional determinant. 32) where in the above ad Xa denotes the operator defined by X a acting on fields in the adjoint representation.
Having successfully integrated out the fields Y and λ we obtain an action for the fields A and X supplemented by the determinant (3.32) in the functional integral measure. Thus our field theory is defined by the path integral 33) where the action S[X, A] takes the form of a sum of two terms, one of which is r independent and one of which vanishes as r → 0. The r independent piece is
(3.34) While the piece which vanishes as r → 0 can be written as
The action (3.34)-(3.35), together with the modified path integral measure (3.33) constitutes our final answer for the resulting 3d quantum field theory. To complete our analysis, we now claim that it is possible to interpret this result as a complex Chern-Simons theory with gauge group g C together with a specific choice of contour of integration in field space. The r dependent terms in the action may then be understood as a specific regulator of the complex Chern-Simons theory.
To illustrate these claims, we first simplify the action using the following manipulations.
• First, in the r dependent action (3.35) make use of the identity
(3.36)
• Next, redefine the field X a → iX a . This redefinition may interpreted as a contour prescription in the resulting complex Chern-Simons theory.
After these steps the entire action takes a simple elegant form. We introduce a complexified g C gauge field 37) and denote by F ab the associated complex field strength. Then the r independent action takes the form 38) where the levels are
Meanwhile the r dependent piece of the action (3.35) also has an simple expression. It takes the form of the real part of the complex Yang-Mills term plus a familiar correction Re r
Observe that, with the exception of the term depending on the divergence ∇ a X a , the entire action is invariant under complexified g C gauge transformations. It is therefore natural to interpret the divergence term in (3.40) as a gauge fixing term. Under the noncompact part of the g C gauge transformations the fields X and A transform as
Under these transformations, the variation of the candidate gauge fixing term ∇ a X a is
It follows that the Faddeev Popov determinant for this gauge fixing term is exactly the modified measure we obtained in (3.33) . Thus, to understand the r → 0 limit, we may simply undo the gauge fixing and drop the complex Yang-Mills terms. In this way we obtain complex Chern-Simons theory at the levels stated in (3.39).
Discussion
We have shown that the supersymmetric reduction of the (2, 0) on the squashed threesphere is g C Chern-Simons theory. This establishes the equality of the S of the 3d N = 2 SCFT T g (M 3 ) with the Chern-Simons partition function on general threemanifolds M 3 . The importance of supersymmetry lay in the independence of the 6d S 3 ℓ ×M 3 partition function on the ratio of sizes, enabling us to reduce the calculation to one in 5d Yang-Mills.
The limit ℓ → ∞ of a squashed sphere with very small fiber results in very weakly coupled 5d Yang-Mills. The 3d Chern-Simons level, √ 1 − ℓ 2 → ∞, and that theory becomes weakly coupled. Thus we predict that the logarithm S 3 ℓ partition function of T su(2) (M 3 ) in that limit reproduces the volume of the 3-manifold, which is the classical limit of SL(2, C) Chern-Simons theory.
The partition function of 3d N = 2 quantum field theories on the ellipsoid geometry, S 3 b , equals that of the squashed sphere with ℓ = 2 b+b −1 [26] . Note that this only covers the range ℓ ≤ 1 of the squashing parameter. It was expected that the b → 0 limit of the conjectured effective 3d Chern-Simons theory would be weakly coupled [30] , with level of order 1 b 2 . However, in (3.39) this limit results in levels 1 and i. It seems possible that there is a type of s-duality that relates this to weak coupling [48] . In particular, the squashed sphere with ℓ < 1 has a large fiber, so it is natural to reduce on a different contractible circle in the base S 2 . Doing so, one can follow the same procedure as before, and find the 5d supersymmetric background, now with varying dilaton. In this flipped reduction, the Yang-Mills coupling will shrink as ℓ → 0. One might conjecture that the reduction to 3d will again result in g C Chern-Simons, but with an s-dual value of the levels.
Our results may also shed light on the AGT correspondence [36, 37] . That conjecture relates the S 4 partition function [15] of the 4d N = 2 theory T N [Σ g ] of N M5 branes on a Riemann surface Σ g to the partition function on Σ g of the rank N Toda theory. The geometry of S 4 can be thought of as an S 3 fibered over an interval, I, and shrinking at the two ends. This decomposition is compatible with the preserved supersymmetries of the N = 2 theory on S 4 .
Therefore roughly speaking, one may reduce first on the S 3 to obtain SL(N, C) ChernSimons on Σ g × I with appropriate boundary conditions. As shown in [49] the resulting field theory on Σ g is precisely the rank N Toda theory, generalizing the fact that Liouiville theory appears on the boundary of SL(2, C) Chern-Simons, since the latter is equivalent to 3d gravity [50, 51] . 
A 5d Vector Multiplets in Supergravity Backgrounds
In this section we state the relationship between the 6d background supergravity fields and the 5d supergravity fields. In addition, we state the action and supersymmetry transformations for 5d maximally supersymmetric Yang-Mills theory in off-shell supergravity backgrounds. These results were obtained in [47] , and they are summarized here for completeness.
The 6d supergravity theory [52] is invariant under a Weyl rescaling symmetry as well as an so(5) R symmetry. The scaling dimension of a field will be indicated by w. To facilitate calculations with spinors we view the R symmetry group equivalently as sp (4), and let indices m, n, r · · · range form 1 to 4 and indicate objects in the fundamental 4 of sp(4). The antisymmetric second rank invariant tensor of sp(4) is denoted as Ω mn . It may be used to raise and lower symplectic indices
The 6d supergravity multiplet contains the bosonic fields indicated in Table 2 .
Auxiliary scalar Upon dimensional reduction the 6d mertric degrees of freedom are reduced to a 5d metric, graviphoton, and dilaton in the standard fashion These account for the 5d bosonic background fields indicated in Table 1 .
The conditions for a 5d background to preserve supersymmetry are that the variations of the fermions in the supergravity multiplet vanish. These variations take the form The action for the vector multiplet in the supergravity background is a sum of the following four terms. To analyze the spherical backgrounds studied in this paper it is necessary to reduce the spinor of so (5) to a representation of the group so(3) × so(2). This is achieved as follows. The spinor 4 of so(5) reduces to a product (2, 2) of Dirac spinors of so(3) × so(2). Thus we may reduce the five-dimensional Dirac algebra to a tensor product form.
Here, the matrices γ 0 , γ 1 , γ 2 form a three-dimensional Clifford algebra of Lorentz signature, while the matrices κ 3 , κ 4 constitute a two-dimensional Clifford algebra of Euclidean signature. Finally, κ is the two dimensional chirality matrix with eigenvalues ±1. As explicit matrices we choose
The five-dimensional charge conjugation matrix C matrix is used to relate the spinor of so(5) to its dual as
Upon reduction to so(3) × so(2), the charge conjugation matrix reduces to
The above is the simply the tensor product of the invariant tensors ε and B of so(3) spinors and so(2) spinors which are discussed in section B.2.
B.2 Useful Properties of 3d and 2d Clifford Algebra
In three or two Euclidean dimensions the Clifford algebra obeys a number of useful identities which we catalog here.
B.2.1 3d
The spinor of so(3) is a two-dimensional representation with spinors indicated by λ α where α = 1, 2. As a representation of so(3) the spinor representation is isomorphic to its dual. Hence there exists an invariant tensor of so(3) which relates spinors with raised and lowered indices. This invariant is the antisymmetric symbol ε αβ . Our conventions for the spinor ε symbol are λ α = ε αβ λ β , λ α = λ β ε βα , ε 12 = 1. 
B.2.2 2d
The Dirac spinor of so (2) is two-dimensional representation with spinors indicated by λ σ where σ = +, −, labels Weyl subspaces of definite chirality. As a representation of so (2) the Dirac spinor representation is isomorphic to its dual. Hence there exists an invariant tensor of so(2) which relates spinors with raised and lowered indices. This invariant is the symmetric symbol B στ . Our conventions for the spinor B symbol are given by The chirality matrix κ anti-commutes with all κ a and has eigenvalues ±1 on the positive and negative chirality subspace respectively. Upon raising or lowering an index, the chirality matrix becomes equivalent to the antisymmetric symbol 
